On the existence analysis of fluids whose viscosity
depends on the pressure and the shear rate
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Problem definition

Problem definition

divv = 0
—divT = f, T =T
T = —nl+S(m Dv)
v|rD:0 and —Tn|rP:b
Weak formulation
(g,divv)g =0 Vge...om

Q
(S(m,Dv),Dw)q — (m,divw)g = (f,w)q — (b,w)r, Ywe...ov
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Problem definition

(q,divv), =0 VgelP(Q) o
(S(w,Dv),Dw)g, — (7, divw), = (—b+ f, w) Yw e WIP(Q) v

Assumption (A1)

0S(, D) b2
TN(1+|D|)2 pe(1,2)

S(r.D)l < JT(+[D)

00
D):D > —(|DIP-1
S(r.0):D > Z(DF-1)
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Discrete solutions: Existence

Yan € Qn 2 T

(qh,div Vh)Q =0
Vwy € Xh S Vp

(S(Tl'h, Dvh), DWh)Q — (ﬂ'h, div Wh)Q = <*b + f, Wh>

Discrete solutions
=" clal € QncLP(Q)

v =Y dial € X, C WP (Q)

P : R2Nh N RZNh
Pi(chvdh) = (a;,7div Vh)Q
Pny+i(€n dn) = (S(mh,Dvp),Daj), —
P(Ch,dh) =0

(71';,,diva;,)Q —(=b+ f,a};)
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Discrete solutions: Existence

(gn,divvy)g =0 Yan € Qn 2 T
(S(Tl'h, Dvh), DWh)Q — (ﬂ'h, div Wh)Q = <*b =+ f, Wh> VYwy, € X, D vy

Test by solution

(wh,divvh)Q—(wh,divvh)Q =0
(S(T('h,DVh),DVh)Q > CHDVhHg—C

= P(ch,dp)-(cn,dn) > C|Dvy|5 - C.

no information about pressure
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Discrete solutions: Existence

52 (qh,wg)n + (gn, div v‘,s,)Q =0 Yan € Qn > 7
(S(w,Dv}), Dwy), — (mh. divwy,), = (—b+ f,wp) Ywy, € X, 39

Pi(cp,dp) = (oz};,div vh)Q + 6 (oz}',,wh)ﬂ
P(ch,dp) - (chdn) = CIDV)5— C+ [[ompll3

= (ﬂi,vi) S Qh X Xh
V&S, + 1S(rs, DV)IIE + 16m0ll5 < C # C(5, h)
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Discrete solutions: Existence

5 (qn. mh) o + (an,divv)), =0
(S(w,Dv}), Dwy), — (mh. divwy,), = (—b+ f,wp)

Assumption: inf-sup condition

divw
0<B< inf sup (gn, divwp)g
ah€Q@n wyex, 1qnlle[Whll1,e
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Discrete solutions: Existence

52 (qh,ﬂi)ﬂ + (qh,div vf,)

Assumption: inf-sup condition

divw
0<B< inf sup (gn, divwp)g
ah€Q@n wyex, 1qnlle[Whll1,e

—> uniform estimate for pressure
s 5 Pyd
Blimhllpr < IS(h Dvp)llp + | = b+ fl| < C
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Discrete solutions:

52 (qh,wi)ﬂ + (qh,div v‘,s,)

Q
(S(w,Dv}), Dwy), — (mh. divw,),,

Existence of a discrete solution
Finite dimension!

Vi — Vp

7rf, — Th

S(7,DvY) — S(mp, Dvy)

Existence

thG Qn 97T2

=0
:(—b—i—f,w;,) Ywy, € Xy, BV(,S,

strongly in Xp,
strongly in Qp
strongly in L”/(Q)dXd
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Discrete solutions: Existence

(qh,div Vh)Q =0 th S Qh S Th
(S(ﬂh, Dvh), DWh)Q — (7Th, div Wh)Q = <*b + f, Wh> VYwp, € Xy D vy

Existence of a discrete solution
Finite dimension!

vi — Vp strongly in Xp,
W?, — Th strongly in Qp
S(7,DvY) — S(mp, Dvy) strongly in LPI(Q)dXd
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Both discrete and contin. solution: Uniqueness

(g,divv), =0 VgeQ o7
(S(m,Dv),Dw), — (7, divw), = (—b+ f, w) YweX sv

Uniqueness — formally:

Let 71, 72 be two pressure field:
' —a? = (=A) divdiv (S(z',Dv) — S(n? Dv))
= (-A)” d|vd|v<7r — 72 / Dv)dsdx)

1 2 A
It = 72llq < 11 77S(#(s), DV) ool — 72]lq
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Both discrete and contin. solution: Uniqueness

(g,divv), =0 VgeQ o7
(S(m,Dv),Dw), — (7, divw), = (—b+ f, w) YweX sv

Assumption (A2) 9S(w,D)
’8%

2
‘ <’yo(l+‘D| )T Yo

p—2

e 1 P—<
d(v,w)? ::// (1+ |Dw + s(Dv — Dw)|?) 2 |Dv — Dw|*dsdx
aJo

2
d(v,w)? < a% (S(w,Dv) — S(q,Dw), Dv — Dw), + Z—%Hﬂ —ql3

IS(7, Dv) — S(q, Dw)|j> < o1d(v,w) + 70l[7 — gl

IDv — Dw/; < d(v,w)*|[1+ [Dv| + [Dw|[Z7" < Cd(v,w)?
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Both discrete and contin. solution: Uniqueness

(quiv V)Q =0
(S(m,Dv),Dw), — (7, divw), = (—b+ f, w)

Uniqueness

e Q CLP(Q)
vivZ e X CW P (Q)
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Both discrete and contin. solution: Uniqueness

(g,divv), =0 VgeQ o7
(S(m,Dv),Dw), — (7, divw), = (—b+ f, w) YweX sv

Uniqueness

(S(7r1, Dv!) — S(x2,Dv?), Dw)Q = (7‘(‘1 — 72, div w)Q Yw e X
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Both discrete and contin. solution: Uniqueness

(g,divv), =0 VgeQ o7
(S(m,Dv),Dw), — (7, divw), = (—b+ f, w) YweX sv

Uniqueness

(S(7r1, Dv!) — S(x2,Dv?), Dw)Q = (7‘(‘1 — 72, div w)Q Yw e X

Test by solution
(g, div vl)Q = (g,div v2)Q =0 VgeQ
(S(=*,Dv') — S(*,Dv?), Dv! — Dv?), =0
g
d(v',v?) < —|at —72||2
g0
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Both discrete and contin. solution: Uniqueness

(g,divv), =0 VgeQ o7
(S(m,Dv),Dw), — (7, divw), = (—b+ f, w) YweX sv

Uniqueness
(S(7r1 Dv!) — S(x2,Dv?), Dw) = (7‘(‘1 — 7%, divw)
ClDv! - Dv?[, < d(v'v?) < 2t — 72|l
00

Q Yw e X

Use inf-sup condition

Bt = w2l < |IS(xt, Dv) — S(x%, Dv?)|2
S Uld(Vl,V2)+’Yo”7T1—7r2H2
o
< % (1+1) It — a2
(o))
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Both discrete and contin. solution: Uniqueness

(qulvv)ﬂ =0
(S(m,Dv),Dw)q — (7, divw)g = (—=b+f,w)

Uniqueness

790
N<f—— = |7 —72=|Dv! -

oo+ 01
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Both discrete and contin. solution: Convergence

(qh,div Vh)Q =0 th € Qp >
(S(Tl'h, Dvh), DWh)Q - (ﬂ'h, div Wh)Q = <—b +f, Wh> VYwp, € Xp D vy

Convergence of discrete solutions
We observed

IVallp +IS(mh, DVh)llpr + lImallr < € 7 C(h)

- Vhp— Vv weakly in thj"g.(Q)
Th — T weakly in L ()
S(mh, Dvy) — S weakly in L (Q)9*?
- dvv = 0 a.e. in Q

(S, Dw),, — (m,divw),

(~b+f,w) YweW Q)
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Both discrete and contin. solution: Convergence

(qh,div Vh)Q =0 th € Qp >
(S(Tl'h, Dvh), DWh)Q - (ﬂ'h, div Wh)Q = <—b +f, Wh> VYwp, € Xp D vy

Convergence of discrete solutions
(S(mh, Dvy) — S(mw, Dv), Dvy, — Dv)g
= (S(mh, Dvp),Dvp)g — (S,Dv), + o(1)

= (=b+f,v)—(5,Dv), +o(1)
= o(1)

= d(v,v) < 2lmn =7l + o(1)
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Both discrete and contin. solution: Convergence

(gn,divvp)g =0 Vg, € Qn O mh
(S(Tl'h,DVh),DWh) (ﬂ'h,dlv Wh)Q <—b—|—f,Wh> VYwp, € Xp D vy

Convergence of discrete solutions

(S(ﬂ'h, DVh) - §, DW/,)Q = (T&'h — m,div Wh)Q Ywy € Xp
C 1PV~ BVl < d(viv) < 2lmy 2 +o(1)

(mh — m,divwy)g

T — T < su + (1 + inf -7
Blm—rla < sup ST L (1 p) inf gy~

o divw

= (s ik Wh)o o(1), wj, — 0 weakly in WH?(Q)
[Whll1,2

< |[S(7h, Dvp) — S(m, Dv)|[2 + o(1)

< o1d(vp,v) + Yollmh — 7|2 + o(1)

< <1+ ) H7T'h—71'||2+0(1)
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Both discrete and contin. solution: Convergence

(g,divv), =0 VgeLP(Q) on
(S(w,Dv),Dw),, — (m,divw)gy = (—b + f, w) Yw € WP(Q) o v
Convergence of discrete solutions
a0
V< p—— = |mp—7|2—0
oo+ o1

HDVh — DVHP — 0

Vitali's lemma —

/S(m,,Dvh)Dw—>/S(7r,Dv)Dw
Q Q
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Both discrete and contin. solution: A priori error estimates

(qh,div Vh)Q =0 th € Qp >
(S(Tl'h, Dvh), DWh)Q - (ﬂ'h, div Wh)Q = <—b +f, Wh> VYwp, € Xp D vy

A priori error estimates
FQ):=(+la)=Q
d(v,w)? ~ || F(Dv) — F(Dw)|[3

IDV = Dvslp < [|7(Dv) = F(Dvh)ll2 < c inf im—r4lly
r'h h

+c inf (|F(Dv) - F(Dup)ll2 + [[Dv — Dull)

up€Xp div

2/p’ .
I — 7hllpr < | F(DV) — FOVA)IZP +c inf |7 — rall
rmeQn
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