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1. Notation
Two well-known methods for 
omputing the GCD:

• the Eu
lid's algorithm
• manipulations with the Sylvester matrixLetdeg(f). . . the degree of f ;GCD (f, g) . . . the greatest 
ommon divisor of f a g.

f(x) = a0x
m + a1x

m−1 + · · ·+ am−1x+ am,

g(x) = b0x
n + b1x

n−1 + · · ·+ bn−1x+ bn,where m ≥ n, a0 am 6= 0, b0 bn 6= 0.



The Sylvester matrix S(f, g) ∈ CCC
(m+n)×(m+n) is equal to

S(f, g) =




a0 a1 . . . am−1 am 0 . . . 0
0 a0 . . . . . . am−1 am . . . 0... . . . . . . . . . . . . . . . . . . ...

0 . . . 0 a0 a1 . . . am−1 am

− − − − − − − −
b0 b1 . . . bn−1 bn 0 . . . 0
0 b0 . . . . . . bn−1 bn . . . 0... . . . . . . . . . . . . . . . . . . ...

0 . . . 0 b0 b1 . . . bn−1 bn




.

The kth Sylvester subresultant Sk ∈ CCC
(m+n−2k+2)×(m+n−k+1) isformed from S(f, g) by deleting the last (k − 1) 
olumns, the last

(k − 1) row of the 
oeÆ
ients of f and the last (k − 1) row of the
oeÆ
ients of g.



2. Eu
lid's algorithm and transformations of Sylvester matrixLet us de�ne f0 := f and f1 := g. The polynomials in the su

essivedivisions in Eu
lid's algorithm are de�ned by

fj(x) = fj+1(x)qj(x) + fj+2(x), j = 0, 1, 2, . . . ,where deg fj+2 < deg fj+1.If ft+1 = 0 and fj 6= 0 ∀j ≤ t then ft = GCD(f0, f1).For illustration, let f0 and f1 be of degrees 5 and 2 respe
tively:

f0(x) = a0x
5 + a1x

4 + a2x
3 + a3x

2 + a4x+ a5,

f1(x) = b0x
2 + b1x+ b2.



The Sylvester matrix S(f0, f1) for the polynomials f0 and f1 is

S(f0, f1) =




a0 a1 a2 a3 a4 a5 0
0 a0 a1 a2 a3 a4 a5
b0 b1 b2 0 0 0 0
0 b0 b1 b2 0 0 0
0 0 b0 b1 b2 0 0
0 0 0 b0 b1 b2 0
0 0 0 0 b0 b1 b2




.

Now we will formulate the modi�ed Eu
lid's algorithm:

c0 (a0x
5 + a1x

4 + a2x
3 + a3x

2 + a4x+ a5)︸ ︷︷ ︸
f0(x)

+s0 (b0x
2 + b1x+ b2)︸ ︷︷ ︸

f1(x)

x3

= 0 + (c0a1 + s0b1)︸ ︷︷ ︸
a
(1)
1

x4 + (c0a2 + s0b2)︸ ︷︷ ︸
a
(1)
2

x3 + c0a3︸ ︷︷ ︸
a
(1)
3

x2 + c0a4︸ ︷︷ ︸
a
(1)
4

x+ c0a5︸ ︷︷ ︸
a
(1)
5︸ ︷︷ ︸

h4(x) := a
(1)
1 x4 + a

(1)
2 x3 + a

(1)
3 x2 + a

(1)
4 x+ a

(1)
5

.



G
(1)
0 (c0, s0) :=




c0 0 s0 0 0 0 0
0 c0 0 s0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1




.

S(1)(f0, f1) := G
(1)
0 (c0, s0)S(f0, f1)

=




0 a
(1)
1 a

(1)
2 a

(1)
3 a

(1)
4 a

(1)
5 0

0 0 a
(1)
1 a

(1)
2 a

(1)
3 a

(1)
4 a

(1)
5

b0 b1 b2 0 0 0 0
0 b0 b1 b2 0 0 0
0 0 b0 b1 b2 0 0
0 0 0 b0 b1 b2 0
0 0 0 0 b0 b1 b2




,

where

a
(1)
i =

{
c0ai + s0bi for i = 1, 2

c0ai otherwise .



Let a
(1)
1 6= 0. Then deg(h4) = 4. In the opposite 
ase, the pro-
ess would be performed with the polynomial of degree less than 4.The Eu
lid's algorithm pro
eeds a

ording to the following s
hema:

c1 (a
(1)
1 x4 + a

(1)
2 x3 + a

(1)
3 x2 + a

(1)
4 x+ a

(1)
5 )︸ ︷︷ ︸

h4(x)

+s1 (b0x
2 + b1x+ b2)︸ ︷︷ ︸

f1(x)

x2

= 0 +
(
c1a
(1)
2 + s1b1

)

︸ ︷︷ ︸
a
(2)
2

x3 +
(
c1a
(1)
3 + s1b2

)

︸ ︷︷ ︸
a
(2)
3

x2 + c1a
(1)
4︸ ︷︷ ︸

a
(2)
4

x+ c1a
(1)
5︸ ︷︷ ︸

a
(2)
5︸ ︷︷ ︸

h3(x):=a
(2)
2 x3+a

(2)
3 x2+a

(2)
4 x+a

(2)
5

The numbers c1 a s1 are again 
hosen to remove the 
oeÆ
ient by

x4. The 
orresponding matrix operation 
onsists of premultiplying



G
(1)
1 (c1, s1)S

(1)(f0, f1), where

G
(1)
1 (c1, s1) =




c1 0 0 s1 0 0 0
0 c1 0 0 s1 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1




.

We obtain S(2)(f0, f1) := G
(1)
1 (c1, s1)S

(1)(f0, f1)

=




0 0 a
(2)
2 a

(2)
3 a

(2)
4 a

(2)
5 0

0 0 0 a
(2)
2 a

(2)
3 a

(2)
4 a

(2)
5

b0 b1 b2 0 0 0 0
0 b0 b1 b2 0 0 0
0 0 b0 b1 b2 0 0
0 0 0 b0 b1 b2 0
0 0 0 0 b0 b1 b2




,



where
a2i =

{
c1a
(1)
i + s1bi−1 for i = 2, 3

c1a
(1)
i otherwise .Let a22 6= 0. Let the numbers c2, s2 and then c3 a s3 remove the
oeÆ
ients by dominant power. The last two divisions yield thepolynomials

h2(x) = a
(3)
3 x2 + a

(3)
4 x+ a

(3)
5 = c2h3(x) + s2f1(x)x

h1(x) = a
(4)
4 x+ a

(4)
5 = c3h2(x) + s3f1(x)

,

where a
(3)
3 6= 0 and a

(4)
4 6= 0.



If we analogously de�ne the matri
es G
(1)
2 (c2, s2), G

(1)
3 (c3, s3), then

S(4)(f0, f1) := G
(1)
3 (c3, s3)G

(1)
2 (c2, s2)S

(2)(f0, f1)

=




0 0 0 0 a
(4)
4 a

(4)
5 0

0 0 0 0 0 a
(4)
4 a

(4)
5

b0 b1 b2 0 0 0 0
0 b0 b1 b2 0 0 0
0 0 b0 b1 b2 0 0
0 0 0 b0 b1 b2 0
0 0 0 0 b0 b1 b2




.

De�ne

G1 = G
(1)
3 (c3, s3)G

(1)
2 (c2, s2)G

(1)
1 (c1, s1)G

(1)
0 (c0, s0)and

P1 = [e3, e4, e5, e6, e7, e1.e2] .Then the �rst stage of Eu
lid' algorithm 
an be written in matrix



formulation as follows
P1G1S(f0, f1) =




b0 b1 b2 0 | 0 0 0
0 b0 b1 b2 | 0 0 0
0 0 b0 b1 | b2 0 0
0 0 0 b0 | b1 b2 0
− − − − + − − −
0 0 0 0 | b0 b1 b2

0 0 0 0 | a
(4)
4 a

(4)
5 0

0 0 0 0 | 0 a
(4)
4 a

(4)
5




.

We have obtained the 
oeÆ
ients of the polynomial h1 in thelast two rows. Summarizing all steps of the �rst stage of Eu
lideanalgorithm, we obtain
c3c2c1c0f0(x)︸ ︷︷ ︸

f̃0(x)

= −(c3c2c1s0x
3 + c3c2s1x

2 + c3s2x+ s3)︸ ︷︷ ︸
q̃0(x)

f1(x)︸ ︷︷ ︸
f̃1(x)

+h1(x)︸ ︷︷ ︸
f̃2(x)

.

Hen
e we have

f̃0(x) = q̃0(x)f̃1(x) + f̃2(x).



We will shortly demonstrate on our illustrative example how to pi
kthe numbers c and s. If we take

c0 = 1 and s0 = −
a0

b0
.then the division in Eu
lid's algorithm has the following form

(a0x
5 + a1x

4 + a2x
3 + a3x

2 + a4x+ a5)︸ ︷︷ ︸
f0(x)

− (b0x
2 + b1x+ b2)︸ ︷︷ ︸

f1(x)

(
a0

b0
)x3

= 0 +

(
a1 −

a0b1

b0

)

︸ ︷︷ ︸
a
(1)
1

x4 +

(
a2 −

a0b2

b0

)

︸ ︷︷ ︸
a
(1)
2

x3 + a3︸︷︷︸
a
(1)
3

x2 + a4︸︷︷︸
a
(1)
4

x+ a5︸︷︷︸
a
(1)
5

The se
ond 
hoi
e of c and s in the �rst step:
c0 =

b0√
a20 + b20

a s0 = −
a0√

a20 + b20

.



We will again use the original notation, f and gfor polynomials, m =deg(f) and n =deg(g).

Theorem 3.1 Let f and g be the polynomials of degrees

m and n respe
tively. It is assumed that the polynomials

f0(x), f1(x), f2(x), . . . , whi
h are 
onstru
ted by Eu
-lid's algorithm satisfy: ft+1 = 0, fj 6= 0 for j ≤ t. Thefollowing statements hold:

1) There exists a nonsingular matrix Z of order m+ nsu
h that the matrix ZS(f, g) has the blo
k form

ZS(f, g) =




RU | R1,2

0 | R2,2


 ,



where RU is a square upper triangular matrix withnon-zero diagonal elements, and R2,2, the resultantmatrix after transformation of the Sylvester resultantmatrix S(ft−1, ft), is a square upper triangular matrixof order (nt−1+nt). The matrix R2,2 has the followingforms:
(a) If nt > 0, then the �rst nt−1 diagonal elements of

R2,2 are non-zero. The last nk rows of R2,2 are zero.

The polynomial ft is equal to the GCD of (f, g).



(b) If nt = 0, then ft =: c 6= 0 and R2,2 = cInt−1. Inthis 
ase rank S(f, g) = m+ n.

Theorem 3.2 Let f and g be the polynomials of degrees

m and n respe
tively, 1 ≤ k ≤ min(m, n) and let Skbe the kth Sylvester subresultant. Then the followingstatements are equivalent:



||||||||||||||||||||||rank S(f, g) = m+ n − k ⇔ deg GCD (f, g) = k,

rank S(f, g) < m+ n − k ⇔ deg GCD (f, g) > k.||||||||||||||||||||||rank Sk = m+ n − 2k + 1⇔ deg GCD(f, g) = k,

rank Sk ≤ m+ n − 2k + 1⇔ deg GCD(f, g) ≥ k.||||||||||||||||||||||



3. Inexa
t polynomials

The kth Sylvester subresultant has the form

Sk =




a0 a1 . . . am−1 am 0 . . . 0
− − − − − − − −
0 a0 . . . am−2 am−1 am . . . 0... . . . . . . . . . . . . . . . . . . ...

0 . . . 0 a0 a1 . . . am−1 am

− − − − − − − −
b0 b1 . . . bn−1 bn 0 . . . 0
0 b0 . . . bn−1 bn . . . 0... . . . . . . . . . . . . . . . . . . ...

0 . . . 0 b0 b1 . . . bn−1 bn




uT
k (the �rst row)

n − (k − 1)

m+ n − 2k + 2





=




uT
k

AT
k




︸ ︷︷ ︸
m+ n − (k − 1)

Sk =

[
uT

k
AT

k

] , where

uk ∈ RRR
m+n−k+1 and Ak ∈ RRR

(m+n−2k+1)×(m+n−k+1).



Theorem 3.3 Let f and g be the polynomials of degrees

m and n respe
tively, 1 ≤ k ≤ min(m, n) and Sk the

kth Sylvester subresultant. Let ST
k = [uk, Ak] where ukis the �rst 
olumn of the matrix ST

k Then the followingstatements are equivalent:a) deg GCD(f, g) = k ⇔ the equation Aky = ukpossesses exa
tly one nontrivial solution.

b) deg GCD(f, g) > k ⇔ the equation Aky = ukpossesses at least two linearly independent solutions.(Ben Rosen, Kaltofen, Yang, Zhi, Winkler)



Let an integer k, 1 ≤ k ≤ min (m, n) be given.We seek perturbations δf(x) and δg(x) of f(x) and g(x) respe
ti-vely,
δf(x) = δa0x

m + δa1x
m−1 + · · ·+ δam−1x+ δam,

δg(x) = δb0x
n + δb1x

n−1 + · · ·+ δbn−1x+ δbn,su
h that deg (GCD(f + δf, g + δg)) ≥ k and

‖δf‖2 + ‖δg‖2 is minimal.

The polynomials f(x) and g(x) are inexa
t, an integer k ∈ [1,min(m, n)].We want to 
ompute the minimal perturbation of the 
oeÆ
ients of

f(x) and g(x) su
h that the degree of the greatest 
ommon divisorsof perturbed polynomials equals k.. . .to 
ompute a perturbation matrix [hk, Ek] with the same blo
kstru
ture as [uk, Ak] su
h that the equation
(Ak + Ek)y = uk + hk y = [y1, y2, . . . , ym+n−2k+1]

T



possesses exa
tly one nontrivial solution. Hen
e we solve the 
on-strained minimisation problem,
min

∥∥[
hk Ek

]∥∥
F

su
h that (Ak + Ek)y = uk + hk.



. . . zi is the perturbation of ai for i = 0, . . . , m,

. . . zm+i is the perturbation of bi for i = 0, . . . , n+ 1.

The stru
tured error matrix [hk, Ek] ∈ RRR(m+n−k+1)×(m+n−2k+2)




z0 | | zm+1

z1 | z0

. . . | ... zm+2

. . .... | ... . . . z0 | zm+n

... . . . zm+1

zm−1 | ... . . . z1 | zm+n+1 zm+n zm+2 zm+1

zm | zm−1

. . . ... | zm+n+1

. . . ... zm+2

| zm

. . . ... | . . . zm+n

...

| zm−1 | zm+n+1 zm+n

| zm | zm+n+1




.

︸ ︷︷ ︸
hk

︸ ︷︷ ︸
n − k

︸ ︷︷ ︸
m − k + 1



De�ne the (m+ n − k + 1)× (m+ n+ 2) matrix Yk =



0 | yn−k+1

y1 | yn−k+2 yn−k+1

. y1 | . yn−k+2

. . .

. . . | . . . . . . . .

yn−k . . . . y1 | . . . . . . . . yn−k+1

yn−k

. . . . y1 | ym+n−2k+1 . . . . . . . yn−k+2. . . . . | ym+n−2k+1

. . . . . . .. . . yn−k . | . . . . . . .

yn−k | . . . .
| ym+n−2k+1




.

︸ ︷︷ ︸
m+ 1

︸ ︷︷ ︸
n+ 1and the matrix Pk ∈ RRR

(m+n−k+1)×(m+n+2),

Pk =

[
Im+1 0
0 0

]
.

hk = Pkz, and Yk(y)z = Ek(z)y !!!



The residual ve
tor
r = r(z, y) = uk + hk − (Ak + Ek)y.The SNTL method.

We seek a ve
tor z = {z0, z1, . . . , zm+n+1} ∈ RRR
m+n+1su
h that the system

(Ak + Ek(z))y = uk + hk(z)has just one nontrivial solution and
‖z‖2 is minimal.



Let z and y be initial aproximations.We express r(z + δz, y + δy) and we try to 
al
ulate shifts δz, δysu
h that
‖r(z + δz, y + δy)‖ ≈ 0︸ ︷︷ ︸

≈ r(z, y)− (Yk − Pk)δz − (Ak + Ek)δy

.

This leads to the iterative pro
ess for δy and δz where in the ea
hstage the LSE problem is solved (See Referen
e Winkler, Kaltofen):

min
δz

∥∥∥∥
[

D 0
] [

δz
δy

]
− (−Dz)

∥∥∥∥
︸ ︷︷ ︸

‖(D(z+δz)‖

subje
t to

[
(Yk − Pk) (Ak + Ek)

] [
δz

δy

]
= r(z, y).

︸ ︷︷ ︸
r(z+δz,y+δy)=0where

D = diag(D1, D2), D1 = (n−k+1)Im+1, D2 = (m−k+1)In+1.



Denoting
B =

[
(Yk − Pk) , (Ak + Ek)

]
∈ RRR

(m+n−k+1)×(2m+2n−2k+3)

A =
[

D 0
]

∈ RRR
(m+n+2)×(2m+2n−2k+3)

d = r(z, y) ∈ RRR
m+n−k+1

b = −Dz ∈ RRR
m+n+2

w =

[
δz
δy

]
∈ RRR

2m+2n−2k+3,

We 
an see that the 
omputation of an approximate GCD redu
esto the LSE problem

min
w

‖Aw − b‖2 subje
t to Bw = d. (1)[Björk, Van Loan℄



The exa
t polynomials f̂ and ĝ:

f̂(x) = â0x
m + â1x

m−1 + · · ·+ âm−1x+ âm,

ĝ(x) = b̂0x
n + b̂1x

n−1 + · · ·+ b̂n−1x+ b̂n.

‖f̂(x)‖ denotes the Eu
lidean norm

cf ∈ Rm+1 and cg ∈ Rn+1 . . . random ve
tors with 
omponents in

[−1, 1] and ǫ a small positive number (perturbation)

δâi = ǫ
‖f̂‖

‖cf‖
cf, i ,

cf, i . . . th ith 
omponent of cf , i = 0, 1, . . . , m. The perturbationof g is de�ned analogously. Let us write
f = f̂ + ǫ

‖f̂‖

‖cf‖
cf ; f(x) =

m∑

i=0

(âi + δâi)x
m−i =:

m∑

i=0

aix
m−i

g = ĝ + ǫ
‖ĝ‖

‖cg‖
cg; g(x) =

n∑

i=0

(b̂i + δb̂i)x
n−i =:

n∑

i=0

aix
n−i



Polynomials f(x) and g(x) are rearranged:

f(x) =

m∑

i=0

ãix
m−i, ãi =

ai

(
∏m

k=0 |ak|)
1

m+1

,

g(x) =
n∑

i=0

b̃ix
n−i, b̃i =

bi

(
∏n

k=0 |bk|)
1

n+1

,

Example 1. (Ján Elia¹) µ = 106. Exa
t polynomials

f̂(x) = (x − 1.2)4(x+ 2)5(x − 0.5)4,

ĝ(x) = (x − 1.4)2(x+ 2)3(x − 0.5)4.It is immediately to see thatGCD(f̂ , ĝ) = (x+ 2)3(x − 0.5)4

= x7 + 4x6 + 1.5x5 + 7.5x4 − 0.9375x3 + 6.375x2 − 3.25x+ 0.5

{
f̂(x)
ĝ(x)

} perturbation

− − −− →

{
f(x)
g(x)

}
STLN

− − −− →

{
f̃(x)
g̃(x)

}



f(x), g(x) are 
oprime.If degGCD(f̂ , ĝ) = k ⇒ rankS(f̂ , ĝ) = m + n − k. In our 
ase

m = 13, n = 9 and k = 7.



f(x) g(x)

x13 1

x12 3.20025
x11 −8.26093
x10 −26.49540
x9 38.00476 1

x8 85.59627 1.199981
x7 −121.21627 −7.739988
x6 −109.89824 −3.859967
x5 223.97294 23.002372
x4 −17.51887 −5.699975
x3 −156.15339 −22.937378
x2 120.28351 22.094884
x1 −36.63814 −7.769948
x0 4.14757 0.979989

f̃(x) g̃(x)

x13 1

x12 3.19998
x11 −8.26007
x10 −26.49212
x9 38.00016 1

x8 85.58606 1.199982
x7 −121.20177 −7.739994
x6 −109.88508 −3.859969
x5 223.94605 23.002392
x4 −17.51684 −5.699980
x3 −156.13476 −22.937396
x2 120.26907 22.094900
x1 −36.63364 −7.769959
x0 4.14719 0.979990



GCD(f̂ , ĝ) GCD(f̃ , g̃)

x7 1 1

x6 4 3.999978

x5 1.5 1.499947

x4 −7.5 −7.500006

x3 −0.9375 −0.937463

x2 6.375 6.375001

x1 −3.25 −3.250011

x0 0.5 0.4999994. Computing the GCD using 
-s transformationAn example will be presented. Let
f(x) = (x+ 3)2(x+ 2.2)2(x+ 0.5)3(x − 2)4(x − 3)2

g(x) = (x+ 3.2)(x+ 3)2(x+ 1.1)(x2 − 0.01)(x − 3)2(x − 4)2.Denoting u = GCD(f, g), we have
u(x) = (x+ 3)2(x − 3)2 = x4 − 18x2 + 81



Using FMLIB in our program we have obtained the exa
t result

u(x) = 1.000000000000000x4 − 18.000000000000000x2

+81.000000000000000The same example has been 
al
ulated in MatLab and the in
orre
tresults have been obtained.



5. QR-fa
torization method for 
omputingthe greatest 
ommon divisorA 
ompanion matrix asso
iated with the polynomial f , where

f(x) = xm + a1x
m−1 + · · ·+ am−1x+ am,is the m × m matrix

Cm =




0 1 0 . . . . . . 0

0 0 1 . . . . . . ...... ... ... . . . . . . 1

−am −am−1 −am−2 . . . −a2 −a1


 .

It is assumed that the 
oeÆ
ient a0 = 1. Now we will summarizethe basi
 attributes of the matrix g(Cm), where
g(x) = b0x

n + b1x
n−1 + · · ·+ bn−1x+ bn,in detail des
ribed in the Barnett's book. (S.Barnett: Polynomialand Linear Control System.)



Let u = [bn, bn−1, . . . , b1, b0, 0, . . . , 0]T ∈ RRRm. Then the matrix po-lynomial g(Cm) is given by

g(Cm) =




uT

uT Cm...

uT Cm−2
m

uT Cm−1
m




.

The matrix g(Cm) is very important.The GCD(f, g) 
an be obtained very easily from the matrix g(Cm).Let us remark (S. Barnett) thatdeg(GCD(f, g)) = m − rank(g(Cm)).Theorem 5.1 Let Jm ∈ RRR
m×m and S(f, g) be matri
es of theform

Jm = [em, em−1, . . . , e2, e1] and S(f, g) =

[
S1,1 S1,2

S2,1 S2,2

]
,



where S1,1 ∈ RRRn×n and S2,2 ∈ RRRm×m. Then the S
hur's 
omple-ment
S∗
2,2 = Jm g(Cm)Jm.

The following idea (Barnett, Zarowski) will be illustrated for thepolynomials of degree m = 4 and n = 3. Let
f(x) = x4 + a1x

3 + a2x
3 + a3x+ a4x,

g(x) = b0x
3 + b1x

2 + b2x+ b3.



Let the Sylvester matrix be split into the four blo
ks

S(f, g) =

=




1 a1 a2 | a3 a4 0 0

0 1 a1 | a2 a3 a4 0

0 0 1 | a1 a2 a3 a4

− − − + − − − −

b0 b1 b2 | b3 0 0 0

0 b0 b1 | b2 b3 0 0

0 0 b0 | b1 b2 b3 0

0 0 0 | b0 b1 b2 b3




=:

[
S1,1 S1,2

S2,1 S2,2

]

It is 
lear that all blo
ks are Toeplitz matri
es. The S
hur 
omple-ment follows from the following multipli
ation:
[

I3 0

−S2,1S
−1
1,1 I4

] [
S1,1 S1,2

S2,1 S2,2

]
=

[
S1,1 S1,2

0 S
(∗)
2,2

]
,where

S
(∗)
2,2 = S2,2 − S2,1S

−1
1,1S1,2



Theorem 5.2.[Barnett and Zarowski℄ There exist square matri
es

U and Q su
h that
US(f, g) = R1,

QS∗
2,2 = R2,where R1 and R2 are upper triangular matri
es. The last non-vanishing rows of both triangular matri
es 
ontain the 
oeÆ
ientsof a GCD(f, g).Moreover, there is an orthogonal matrix Q su
h that

QJmg(Cm)Jm = R2[Zarowski℄, where



R =




x x . . x x x . . x x

0 x . . x x x . . x x

. . . . . . . . . . .

. . . . . . . . . . .

0 0 . . x x x . . x x

0 0 . . 0 d0 d1 . . dk−1 dk

0 0 . . 0 0 0 . . 0 0

. . . . . . . . . . .

. . . . . . . . . . .

0 0 . . 0 0 0 . . 0 0




,

and d(x) := d0x
k+ d1x

k−1+ · · ·+ dk−1x+ dk is the GCD of f and

g. �An example: the same polynomials are 
onsidered, i.e.,
f(x) = (x+ 3)2(x+ 2.2)2(x+ 0.5)3(x − 2)4(x − 3)2

g(x) = (x+ 3.2)(x+ 3)2(x+ 1.1)(x2 − 0.01)(x − 3)2(x − 4)2.



Let us remark that u = GCD(f, g),

u(x) = (x+ 3)2(x − 3)2 = x4 − 18x2 + 81.We have obtained again the exa
t result. The same example was
al
ulated in MatLab and the polynomial p has been obtained.

p(x) = 1.000000000000000x4 − 0.000000141260423x3

−17.999999475530075x2 + 0.000000973322225x

+80.999996276344888The Eu
lidean norm ‖p − u‖ = 3.886899375985486e − 6.The se
ond approa
h to 
onstru
tion of g(Cm) was based on di-re
t 
omputing of S
hur's 
omplement S∗
2,2. We have obtained thepolynomial p su
h that

p(x) = 1.000000000000000x4 + 0.000001622363975x3

−17.999998869020878x2 − 0.000012113435782x

+80.999991505224259



The Eu
lidean norm ‖p − u‖ = 1.492674512347724e−5. At the endof this le
ture we will present an interesting example.Let
f(x) =

∏

i∈N1

(x − i)

g(x) =
∏

i∈N2

(x − i),where N1 = {1, 2, . . . , 20},
N2 = {1, 2, . . . , 10} ∪ {−1, −2, −3, −4}In this 
ase we have again obtained the exa
t solution.



The EndThank you for your attention!


